
Griffiths Quantum Mechanics 3e: Problem 4.75 Page 1 of 5

Problem 4.75

Consider the system of Example 4.6, now with a time-dependent flux Φ(t) through the solenoid.
Show that

Ψ(t) =
1√
2π

einϕe−if(t)

with

f(t) =
1

ℏ

� t

0

ℏ2

2mb2

(
n− qΦ(t′)

2πℏ

)2

dt′

is a solution to the time-dependent Schrödinger equation.

[TYPO: Replace Ψ(t) with Ψ(ϕ, t).]

Solution

The system of Example 4.6 consists of a particle with mass m and charge q that’s constrained to
move on a ring of radius b. There’s a coaxial solenoid of radius a, where a < b, with an electric
current running through it so that the vector potential outside the solenoid is

A =
Φ(t)

2πr
ϕ̂, r > a.

The governing equation for the wave function is Schrödinger’s equation. Assuming the solenoid is
uncharged, the scalar potential is φ = 0, so the Hamiltonian simplifies from its usual form for a
particle in electromagnetic fields (see Problem 4.45).

iℏ
∂Ψ

∂t
= ĤΨ

=

[
1

2m
(p− qA)2 + qφ

]
Ψ

=
1

2m
(−ℏ2∇2 + q2A2 + 2iℏqA ·∇)Ψ

=
1

2m
[−ℏ2∇2Ψ+ q2(A ·A)Ψ + 2iqℏ(A ·∇Ψ)]

Since the particle is confined to move on a ring, expand the right side in cylindrical coordinates
(r, ϕ, z), set r = b, and recognize that there’s no variation in Ψ as r or z change.

iℏ
∂Ψ

∂t
=

1

2m

{
−ℏ2

(
∂2Ψ

∂r2︸︷︷︸
= 0

+
1

b

∂Ψ

∂r︸︷︷︸
= 0

+
1

b2
∂2Ψ

∂ϕ2
+

∂2Ψ

∂z2︸︷︷︸
= 0

)
+ q2

[
Φ(t)

2πb
ϕ̂

]
·
[
Φ(t)

2πb
ϕ̂

]
Ψ(ϕ, t)

+ 2iqℏ
[
Φ(t)

2πb
ϕ̂

]
·
(
∂Ψ

∂r︸︷︷︸
= 0

r̂ +
1

b

∂Ψ

∂ϕ
ϕ̂+

∂Ψ

∂z︸︷︷︸
= 0

ẑ

)}

= − ℏ2

2mb2
∂2Ψ

∂ϕ2
+

iqℏ
2πmb2

[Φ(t)]
∂Ψ

∂ϕ
+

q2

8π2mb2
[Φ(t)]2Ψ(ϕ, t), 0 ≤ ϕ ≤ 2π, t > 0 (1)
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This partial differential equation is not separable despite being linear and homogeneous, so
introduce the operator Lz = −iℏ(∂/∂ϕ) in order to eliminate the partial derivatives in ϕ. When
Lz acts on a wave function, the result is ℏmℓ times that wave function. mℓ is the magnetic
quantum number and takes on integer values: mℓ = 0,±1,±2, . . . ,±ℓ, where ℓ = 0, 1, 2, . . ..

iℏ
∂Ψ

∂t
=

1

2mb2

(
−iℏ

∂

∂ϕ

)(
−iℏ

∂

∂ϕ

)
Ψ− q

2πmb2
[Φ(t)]

(
−iℏ

∂

∂ϕ

)
Ψ+

q2

8π2mb2
[Φ(t)]2Ψ(ϕ, t)

=
1

2mb2
L2
zΨ− q

2πmb2
[Φ(t)]LzΨ+

q2

8π2mb2
[Φ(t)]2Ψ(ϕ, t)

=
1

2mb2
(ℏmℓ)

2Ψ− q

2πmb2
[Φ(t)](ℏmℓ)Ψ +

q2

8π2mb2
[Φ(t)]2Ψ(ϕ, t)

=

{
ℏ2m2

ℓ

2mb2
− qℏmℓ

2πmb2
[Φ(t)] +

q2

8π2mb2
[Φ(t)]2

}
Ψ(ϕ, t)

=
q2

8π2mb2

{
[Φ(t)]2 − 4mℓπℏ

q
[Φ(t)] +

4m2
ℓπ

2ℏ2

q2

}
Ψ(ϕ, t)

=
q2

8π2mb2

(
Φ(t)− 2mℓπℏ

q

)2

Ψ(ϕ, t)

=
q2

8π2mb2
4π2ℏ2

q2

(
qΦ(t)

2πℏ
−mℓ

)2

Ψ(ϕ, t)

=
ℏ2

2mb2

(
mℓ −

qΦ(t)

2πℏ

)2

Ψ(ϕ, t)

Divide both sides by iℏΨ(ϕ, t).

1

Ψ(ϕ, t)

∂Ψ

∂t
=

1

iℏ
ℏ2

2mb2

(
mℓ −

qΦ(t)

2πℏ

)2

Use the chain rule to rewrite the left side as the derivative of a logarithm.

∂

∂t
ln |Ψ(ϕ, t)| = − i

ℏ
ℏ2

2mb2

(
mℓ −

qΦ(t)

2πℏ

)2

An absolute value sign is placed around Ψ(ϕ, t) because the logarithm argument has to be
positive. Note that |Ψ(ϕ, t)| =

√
|Ψ(ϕ, t)|2 =

√
Ψ∗Ψ. Integrate both sides partially with respect to

time from 0 to t.

� t

0

∂

∂t′
ln |Ψ(ϕ, t′)| dt′ = − i

ℏ

� t

0

ℏ2

2mb2

(
mℓ −

qΦ(t′)

2πℏ

)2

dt′

Relabel mℓ as n.

ln |Ψ(ϕ, t)| − ln |Ψ(ϕ, 0)| = −i

[
1

ℏ

� t

0

ℏ2

2mb2

(
n− qΦ(t′)

2πℏ

)2

dt′

]
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Combine the logarithms on the left and use f(t) for the function in square brackets on the right.

ln

∣∣∣∣Ψ(ϕ, t)

Ψ(ϕ, 0)

∣∣∣∣ = −if(t)

Exponentiate both sides. ∣∣∣∣Ψ(ϕ, t)

Ψ(ϕ, 0)

∣∣∣∣ = e−if(t)

Remove the absolute value sign by placing ± on the right side.

Ψ(ϕ, t)

Ψ(ϕ, 0)
= ±e−if(t)

Multiply both sides by Ψ(ϕ, 0).
Ψ(ϕ, t) = ±Ψ(ϕ, 0)e−if(t)

Use C(ϕ) for ±Ψ(ϕ, 0).
Ψ(ϕ, t) = C(ϕ)e−if(t) (2)

To determine C(ϕ), use the fact that LzΨ(ϕ, t) = nℏΨ(ϕ, t).

LzΨ(ϕ, t) = nℏΨ(ϕ, t)(
−iℏ

∂

∂ϕ

)
Ψ(ϕ, t) = nℏΨ(ϕ, t)

−iℏ
∂Ψ

∂ϕ
= nℏΨ(ϕ, t)

−iℏ
∂

∂ϕ
[C(ϕ)e−if(t)] = nℏ[C(ϕ)e−if(t)]

−iℏC ′(ϕ)e−if(t) = nℏC(ϕ)e−if(t)

C ′(ϕ)

C(ϕ)
= in

d

dϕ
ln |C(ϕ)| = in

ln |C(ϕ)| = inϕ+D

|C(ϕ)| = einϕ+D

C(ϕ) = ±eDeinϕ

= C1e
inϕ
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As a result, equation (2) becomes

Ψ(ϕ, t) = C1e
inϕe−if(t).

Determine C1 by requiring the wave function to be normalized: Integrate |Ψ(ϕ, t)|2 over all
possible values of ϕ and set the result equal to 1.

1 =

� 2π

0
|Ψ(ϕ, t)|2 dϕ =

� 2π

0
Ψ∗(ϕ, t)Ψ(ϕ, t) dϕ =

� 2π

0
[C∗

1e
−inϕeif(t)][C1e

inϕe−if(t)] dϕ

= |C1|2
� 2π

0
dϕ

= |C1|2(2π)

Solve for C1, ignoring any phase factor.

C1 = ± 1√
2π

Either the plus sign or the minus sign can be used because the probability density is |Ψ(ϕ, t)|2.
Therefore, choosing the plus sign, the normalized wave function is

Ψ(ϕ, t) =
1√
2π

einϕe−if(t).

We can check that this is a solution by plugging it back into equation (1), the Schrödinger
equation.

iℏ
∂Ψ

∂t

?
= − ℏ2

2mb2
∂2Ψ

∂ϕ2
+

iqℏ
2πmb2

[Φ(t)]
∂Ψ

∂ϕ
+

q2

8π2mb2
[Φ(t)]2Ψ(ϕ, t) (1)

iℏ
∂

∂t

(
1√
2π

einϕe−if(t)

)
?
= − ℏ2

2mb2
∂2

∂ϕ2

(
1√
2π

einϕe−if(t)

)
+

iqℏ
2πmb2

[Φ(t)]
∂

∂ϕ

(
1√
2π

einϕe−if(t)

)

+
q2

8π2mb2
[Φ(t)]2

(
1√
2π

einϕe−if(t)

)

iℏ
−i√
2π

einϕe−if(t)f ′(t)
?
= − ℏ2

2mb2
(in)2√
2π

einϕe−if(t) +
iqℏ

2πmb2
[Φ(t)]

(in)√
2π

einϕe−if(t)

+
q2

8π2mb2
[Φ(t)]2

(
1√
2π

einϕe−if(t)

)

ℏf ′(t)
?
= − ℏ2

2mb2
(in)2 +

iqℏ
2πmb2

[Φ(t)](in) +
q2

8π2mb2
[Φ(t)]2
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Substitute f(t) and use the fundamental theorem of calculus on the left.

ℏ
d

dt

[
1

ℏ

� t

0

ℏ2

2mb2

(
n− qΦ(t′)

2πℏ

)2

dt′

]
?
= − ℏ2

2mb2
(in)2 +

iqℏ
2πmb2

[Φ(t)](in) +
q2

8π2mb2
[Φ(t)]2

ℏ2

2mb2
d

dt

� t

0

(
n− qΦ(t′)

2πℏ

)2

dt′
?
=

n2ℏ2

2mb2
− nqℏ

2πmb2
[Φ(t)] +

q2

8π2mb2
[Φ(t)]2

(
n− qΦ(t)

2πℏ

)2
?
= n2 − nq

πℏ
[Φ(t)] +

q2

4π2ℏ2
[Φ(t)]2

n2 − nq

πℏ
[Φ(t)] +

q2

4π2ℏ2
[Φ(t)]2 = n2 − nq

πℏ
[Φ(t)] +

q2

4π2ℏ2
[Φ(t)]2

Consequently, the formula for Ψ(ϕ, t) satisfies the Schrödinger equation. Note that it works for
any value of n, not just integers.
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